We study relative hypersurfaces, and prove an instability condition for the fibres. This is the starting point for an investigation of the geometry of effective divisors on relative projective bundles.
Introduction and discussion of the results
We work over the complex field. Let E be a vector bundle of rank r ≥ 3 and degree d on a smooth projective curve B of genus b. Consider the relative projective bundle P := P B (E) with its projection π : P B (E) −→ B. Let O P (1) be the tautological sheaf.
Let us consider a relative hypersurface X ⊂ P; this means for us an element of a linear system of the form |O P (k) ⊗ π * M −1 |, where k > 0 and M is a line bundle on the base B whose degree we shall denote y. Call f : X −→ B the restriction of π to X.
In this paper we investigate the geography of this fibration and the geometry and stability properties of X and of its fibres.
First of all we study the f -positivity of line bundles on X. Recall the following definition from [3, Def. 1.3] : given a fibred n-dimensional variety g : Y −→ T over a smooth curve T , and given a line bundle L on Y , we say that L is g-positive if the following inequality holds
(1.1)
When the fibres are of general type the g-positivity of the relative canonical sheaf
T is of particular interest:
This is usually called slope inequality. Recall the following conjecture about the slope inequality (see [3, Sec.4 ] for a detailed discussion):
Conjecture 1.3 ([3] Conjecture 4.1).
Let g : Y −→ T be a fibred variety such that the relative canonical sheaf ω g is relatively nef and ample on the general fibres, and such that the general fibres have sufficiently mild singularities. Then it satisfies the slope inequality (1.2).
The conjecture is true for fibred surfaces: see [3] for an account of the proofs. In dimension higher than 2 almost nothing is known. The most general result is that in the conditions of the conjecture, the slope inequality holds if g * ω g is µ-semistable (see for instance [3, Cor. 1.29] ).
Let us come back to a relative hypersurface f : X −→ B. It turns out that we can completely determine the f -positivity of any relatively ample line bundle on X: it is essentially equivalent to this simple numerical condition on the relative degree k of X and the degree y of the line bundle M: y/k ≥ µ(E). The results can be summarised as follows (see Theorems 2.5 and 2.8).
Theorem 1.4. With the notations above, let X ∈ |O P (k) ⊗ π * M −1 |. Then 1. suppose that k > r (i.e. ω f is relatively very ample). Then the following are equivalent:
(a) the slope inequality (1.2) holds; (b) the relative canonical invariants are non-negative; (c) y/k ≤ µ(E).
If k > 1 the line bundle O X (h) is f -positive for any h ≥ 1 if and only if y/k ≤ µ(E).
This is the only known general case of high dimension where the conjectured slope inequality holds. The above results are not hard to prove, by computation of intersection theory.
In the second part of this paper, we investigate the meaning of the above results on the geometry of X and of its fibres. We find instability and singularity conditions which are significant when studying the properties of the big divisors in P. Let us be more precise.
In [3] we have seen that the known methods to prove f -positivity all need to assume some stability condition. However we do not need any kind of stability assumption for proving the above results for hypersurfaces. Some of the methods described in [3] , in particular the one due to Cornalba-Harris and Bost (Theorem 3.1) can thus be used backwards in this context to prove an instability result (Theorem 3.2): Theorem 1.5. Let E be a µ-unstable sheaf. Then, given any relative hypersurface X ∈ |O P (k)⊗ π * M −1 | with y/k > µ(E), any fibre of f : X −→ B is Chow unstable with respect to O F (h) for any h ≥ 1.
In order to understand the interest of Theorem 1.5, let us recall some known facts, referring to Section 2.3 for a more detailed discussion. Let µ 1 and µ be the first and the last slope associated to the Harder-Narashiman sequence of E. Recall that if E is µ-unstable µ < µ(E) < µ 1 , otherwise = 1 and they all coincide. We have the following necessary and sufficient numerical conditions for positivity of divisors on P:
• (Miyaoka [18] ) A line bundle O P (k) ⊗ π * M −1 is nef if and only if y/k ≤ µ .
• (Nakayama [22] ) A line bundle O P (k) ⊗ π * M −1 is pseudoeffective if and only if y/k ≤ µ 1 .
Using some GIT results, we can can prove via Theorem 1.5 a condition on the singularities of the effective divisors in |O P (k) ⊗ π * M −1 | with y/k ≥ µ(E) (see Theorem 3.8); this condition involves the log canonical threshold (lct) of the couple (Σ, X |Σ ), where Σ is a general fibre of π. Theorem 1.6. With the above notation, let X be a relative hypersurface X ∈ |O P (k) ⊗ π * M −1 |.
If y/k ∈ (µ(E), µ 1 ] then any fibre F of f is singular, and
Thus we have a more restrictive geometric condition on the effective divisors in linear systems of the form |O P (k) ⊗ π * M −1 | such that y/k > µ(E). In particular we can make some conclusions on the singularities of X itself obtaining a (partial) Miyaoka-Nakayama type result (Theorem 3.11):
Remark 1.9. Nakayama's result is often used for proving geographical inequalities, for instance in the relative hyperquadric method. We believe that this strengthening we obtain can be applied to get stronger inequalities.
There are some aspects worth discussing.
1. It is natural to wonder if in some cases the implication of Theorem 1.8 can be reversed. Of course, being a statement on singularities, we can only ask that the converse implication holds for a general X in the linear system
2. The inequality (1.7) is particularly significant for high enough powers of line bundles, e.g. for |O P (mk) ⊗ π * M −m | with m 0, and it gives a lower bound on the multiplicities of the unbounded points of the linear system. Thus one is lead to try to better understand the asymptotical behaviour of those linear systems. For instance, does it always have a multiple component, or can its general member be irreducible? This is related to the study of the fixed locus of |O P (mk) ⊗ π * M −m | for m 0.
We start from the last questions, and try to get a better understanding of the fixed locus of the linear systems. A first simple study of the case when E is of rank 2, in section 4.1, proves to be enlightening. From the Zariski decomposition of divisors in the ruled surface P we can deduce a result analogous to Theorems 1.6 and 1.8. Using similar arguments, we see that for the case of arbitrary rank, if the Harder Narashiman filtration of E has length 2, and its first sheaf is of rank 1, then -applying a Zariski decomposition of the divisors on X obtained in [22] -we have for any effective non nef divisors in P a fixed component with a computable multiplicity. Then this implies precisely the bound of Theorem 1.6 on the log canonical threshold of X. Moreover, using again the Zariski decomposition of [22] , we can study explicitly the schematic fixed locus of any divisor in the case = 2, and thus we completely understand the locus of unbounded points of the big and not nef divisors in P in this case.
Let us summarise the results obtained (Proposition 4.6 and Proposition 4.11).
Theorem 1.10. Suppose that = 2. Let us consider the linear system |O P (km) ⊗ π * M −m |. Suppose that y/k > µ 2 (i.e. the system is big and not nef ). Then the schematic fixed locus of
and asymptotically coincides with it.
This result implies, in the case = 2, Theorems 1.6 and 1.8; moreover, it can be used to prove a converse to the theorems for the case rankE 1 = 1. We then can use it to give an answer to the first question above, as follows (see Theorem 4.8).
Theorem 1.11. Suppose that = 2. If rankE 1 > 1 strict inequality always holds in Theorems 1.6 and 1.8. If rankE 1 = 1, for m 0 a general X m ∈ |O P (km) ⊗ π * M −m | satisfies equality:
.
In particular, we have that
From this result we deduce in particular that inequality (1.7) of Theorem 1.6 is sharp (Corollary 4.10).
With the same approach, we can also treat the case of Harder-Narashimann sequences of arbitrary lenght. We obtain an analogous result, which involves the successive slopes µ i 's of the Harder Narashiman sequance of E (ref. Theorem 4.12) . Let |O P (k) ⊗ π * M −1 | be a big and not nef linear system on P, and let j be the integer between 1 and − 1 such that µ j+1 ≤ y/k < µ j . Theorem 1.12. With the notation above, suppose that
This implies a result on the log canonical threshold of the couple (P, X) (Corollary 4.13):
Corollary 1.13. In the above situation, we have that, for any
In the case > 2 this result -although similar to Theorem 1.5-does not imply it, neither is implied by it. Theorem 1.12 tells us that the case of rankE 1 = 1 is indeed the only case when we can have a fixed component in the linear systems of line bundles on P. Moreover, we can see that in most cases the general divisor X in the linear system |O P (k) ⊗ π * M −1 | is irreducible and thus it is indeed a relative hypersurface (Proposition 4.15) .
Using this results we can explicitly compute the Movable cone of P (Proposition 4.16), thus reproving a particular case of a result due to Fulger and Lehmann [11, Prop. 7.1] .
It is natural to try and understand the case of relative complete intersections of higher codimension. In the case of cycles in projective bundles P the nef and pseudoeffective cones have been completely computed in [10] . In a forthcoming paper we will investigate these cases.
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2 Inequalities for invariants of relative hypersurfaces Assumption 2.1. Let E be a rank r ≥ 3 vector bundle over a smooth curve B, let P := P B (E) be the relative projective bundle (of quotients), with the natural fibration π : P −→ B. Let X ⊂ P be a relative (possibly singular) hypersurface. In other words for us X is an effective divisor in the linear system of the form |O P (k) ⊗ π * M −1 |, with k > 0 and M any invertible sheaf on B, whose degree we denote y. Call f : X −→ B the restriction of π to X.
Remark 2.2. Under these assumptions, recall that the relative canonical sheaf ω π = ω P ⊗π * ω
Slope inequality
Our first aim is to study wether or not a slope inequality of the form (1.2) holds for the fibration f : X → B. Let us start with the following observation.
Remark 2.3. With the above notation, if h is a positive integer, we have the following short exact sequence of sheaves:
In particular if h < k, the left hand sheaf vanishes, and we have isomorphisms of sheaves
Indeed, just tensor the sequence
with O P (h), then push it forward via π, and observe that the sheaf
Theorem 2.5. With the notations above, let X ∈ |O P (k)⊗π * M −1 |. Then the relative canonical sheaf ω f is relatively very ample if and only if k > r. Let us suppose that this is the case. The following are equivalent:
(ii) the relative canonical invariants K n f and deg f * ω f are non-negative (resp. strictly positive);
(iii) the slope inequality (1.2) (resp. strict inequality) holds.
In particular if E is µ-semistable then any relative hypersurface X of relative degree greater or equal to r satisfies the slope inequality.
Proof. As the relative canonical sheaf of π is ω π = O P (−r)⊗π * det E (Remark 2.2), by adjunction we have that
From this we get immediately that the restriction of ω f is ample (and indeed very ample) if and only if k > r. Then we have that
where D is a line bundle over B of degree d − y. So, by Remark 2.3 above, we have that
and we can easily compute its degree as follows.
Supposing k > r as in the statement, it is immediate that the relative canonical invariants are non-negative if and only if y/k ≤ µ. We have equality
The slope inequality (1.2) thus holds if and only if
and this last inequality is satisfied, as k > r by assumption.
As for the last statement, it follows straight away from Nakayama's result [22] mentioned in the Introduction. In particular if E is µ-semistable, µ = µ 1 = µ and if a divisor of the form kH − yΣ is effective then y/k ≤ µ.
Remark 2.6. The proof of this result is elementary. Nevertheless this is the only known case where Conjecture 1.3 is proved to be true in dimension higher then 2. In [2, Theorem 1.2] we proved a much weaker result which much more effort, we can say that there we shoot a fly with a cannon! Remark 2.7. It is important to stress that the total space X in Theorem 2.5 can be extremely singular: in the sequel we shall indeed investigate its possible singularities. Theorem 2.5 provides new results also in dimension 2. For example, it proves the slope inequality for families of plane curves which can be extremely singular: in particular the total space need not even be normal.
f -positivity of O X (h)
After settling the slope inequality, it is natural to investigate the f -positivity of the sheaf O X (1) and of its powers O X (h) for h ≥ 1. The answer turns out to be very simple: f -positivity holds for any h > 0 as soon as the inequality y/k ≤ µ is satisfied.
Theorem 2.8. With the notations above. If k ≥ 2, the following statements are equivalent
Before proving the theorem we reduce the f -positivity to the following numerical inequality. Note that here we use the standard convention that considers equal to zero a binomial of the form n m when n < m. Lemma 2.9. With the above notations, f -positivity of O X (h) for h ≥ 1 is equivalent to the following inequality:
Proof. Let us compute the invariants involved in the f -positivity of O X (h). Let H be the class of O P (1) and H X the class of O X (1). By intersection theory we have:
Moreover by using the sequence (2.4) given in Remark 2.3 we have that
, and that
So, f -positivity of O X (h) is equivalent to the following inequality
Making the substitution
for j = h and j = h − k in the above inequality, we get, after a simple computation, inequality (2.10).
Proof. of Theorem 2.8 Let us give a name to the quantity in the square brackets in inequality (2.10) above:
Note first that
and that for h < k this is just
Thus we have to show that α(h, k) is positive for any h ≥ k ≥ 2. By expanding the binomials, we get
where
Then the proof is concluded if we show the following Lemma 2.11. For any triple of integers such that h ≥ k ≥ 2, and r ≥ 2, the following inequality holds:
Let us prove the Lemma by induction on k ≥ 2. For k = 2 and any h ≥ 2, r ≥ 2 we have
Let the inequality be true for fixed k and any h ≥ k and r ≥ 2. Let us consider any h ≥ k + 1 and r ≥ 2. Let us multilpy both terms of (2.12) by (h + r − k − 1): we get
and the proof is concluded.
Remark 2.13. Recall that f -positivity of any line bundle is equivalent to f -positivity of the same line bundle twisted by the pullback of any line bundle over the base (see e.g. [3, Remark 1.1]). Using this fact, we see that Theorem 2.5 is implied by Theorem 2.8, because, as already observed,
Remark 2.14. In general the f -positivity of a line bundle and the f -positivity of its its multiples are not at all equivalent: see [3] , Section 1, in particular Remark 1.8.
Remark 2.15. It is worth noticing that if we consider the projective bundle P itself, then any relatively ample line bundle O P (k) ⊗ π * M −1 (so any line bundle of this form with k > 0) is π-positive. Indeed it is immediate to check that inequality (1.1) is an equality with any of these line bundles. In general it does not seem immediate to relate the f -positivity of a polarized variety with the f -positivity of a hyperplane section.
The cones of divisors of P B (E)
In order to understand the interest of Theorem 1.5, let us briefly describe what is known about nef and big divisors of P = P B (E). See for reference [22, Sec.3 .b] and [10] . Let us consider the Harder-Narashiman filtration of E
and call µ i := µ(E i /E i−1 ), and µ := µ(E). Recall in particular that 16) and that µ < µ < µ 1 unless E is semistable, in which case
Let us consider the picture in the framework of numerical equivalence: although the results are more general, it seems enlightening to consider this setting. The Nèron-Severi R-vector space N 1 R (P) of effective R-divisors modulo numerical equivalence: it is 2-dimensional, generated by the class of the tautological line bundle H = [O P (1)] and the class of a fibre Σ. The sequence of slopes of Harder-Narashiman provide a decomposition of the space N 1 (P) in subcones as in figure (2.3) . • (Miyaoka [18] 
It should also be mentioned that Wolfe [26] and Chen [6] proved that the volume function is polynomial of degree r when restricted to the subcones
, for i = 0, . . . , − 1, thus having a behaviour similar to the case of surfaces [4] . In case E is µ-semistable, all the above cones coincide, while in the µ-unstable case, this richer birational geometry appears, and can be studied. • The class r(H − µΣ) = rH − dΣ is the anti-canonical one (Remark 2.2). It is nef and pseudoeffective, but not big if E is µ-semistable, while it is big and not nef if E is µ-unstable.
• Consider the positive cone P (P B (E)) to be the half-cone of {D ∈ N 1 (P B (E)) | D r ≥ 0} that contains the ample cone. This is precisely
In the rest of the paper we will investigate -using the results of Section 2 and also other methods-the geometry of the divisors in the linear systems contained in the subcone
3 Instability results and applications to geometry
An instability result
Let us start by recalling the following result, which we state in a version the most convenient for our purposes. It has been originally proved by Cornalba and Harris in [7] , and extended by Bost [5] -see also [3] .
Let Y be a subvariety of dimension s and of degree k in P n . Consider the set Z(Y ) of all the (n − s − 1)-dimensional projective subspaces L in P n that intersects Y . This is an hypersurface of degree k in the Grassmannian G := Gr(n − s, n + 1), called the Chow variety. It is defined by the vanishing of some polynomial of degree k in the Grassmann coordinate ring, which is unique up to a constant factor. This element is called the Chow form of Y . The variety Y is called Chow semi-stable (resp. Chow stable) if its Chow form is semi-stable (resp. stable) for the natural SL(n + 1)-action. Applying Theorem 2.8 and this result, we can immediately deduce the following instability result.
Theorem 3.2. Let E be a µ-unstable locally free sheaf over B. Then, given any relative hypersurface free from vertical components X ∈ |O P (k) ⊗ π * M −1 | with y/k > µ, any fibre F of f : X −→ B is Chow unstable with respect to O F (h) for any h ≥ 1 (in particular it is asymptotically Chow unstable).
Remark 3.3. Theorem 3.2 above can be extended to any relatively ample effective divisor with y/k > µ. Indeed, suppose X has some vertical component, so X = X + π * D where D is an effective divisor on B. Let D be maximal, so that X has no vertical components. The divisors X is in the system |O(k) ⊗ π * M −1 ⊗ π * D −1 |, so we can apply Theorem 3.2 to X because (y + e)/k > y/k. Of course the general fibres of X and of X coincide.
Remark 3.4. It is natural to wonder wether or not the instability of the couple (F, O F (h)) implies instability of the whole (X, O X (h)). This facts seem to be in general not related. In our situation we will be able to derive asymptotical instability of (X, O X (h)), but not directly from the instability of (F, O F (h)). We will prove that the fibres need to be highly singular, and from this we get a condition on the singularities of X. Now from this it follows the instability of (X, O X (h)): see Theorem 3.11.
A condition on the singularities
Let us turn our attention on the possible singularities of the relative hypersurfaces in P. First we make a couple of easy remarks. As usual X ∈ |O P (k) ⊗ π * M −1 |, with M line bundle of degree y over B.
• if y/k < µ , then the numerical class of O P (k) ⊗ π * M −1 is in the interior of the nef cone, hence this line bundle is ample, and a general member X ∈ |O P (mk) ⊗ π * M −m |, for m 0, will be smooth.
• If k > r and y/k > µ and X ∈ |O P (k) ⊗ π * M −1 | (so in particular E is µ-unstable), by Theorem 2.5 we have that ω f is relatively ample and that the relative canonical invariants are negative. When the general fibre is of general type, both ω f and f * ω f are nef if X is normal with canonical singularities (see Theorem 1.4 in [24] and [9] ). So we can deduce that in this case X must be singular.
We now see that, using the instability result on the fibres of f , we can be much more precise as for the singularities that necessarily the hypersurface X carries when we are in the subcone
. First of all we observe that X need to have a singular locus transverse to f : Proposition 3.5. Let E be an unstable bundle. Let X be a relative hypersurface X ∈ |O P (k) ⊗ π * M −1 |.
If y/k > µ then any fibre of f is singular.
Proof. By Theorem 3.2 any fibre F of f is Chow unstable with O F (1). But a smooth hypersurface of any degree in P r−1 is Chow semistable with this sheaf: see for instance [8, Chap IV, sec. 2].
We now use Theorem 3.2 combined with a result of Lee [17] relating the Chow stability of a variety with the log canonical threshold (lct) of its Chow variety.
It is convenient to recall the definition of log canonical threshold, as it will be needed later in some proof (see [15] for reference). Let (Y, ∆) be a pair, with Y normal variety and ∆ a Q-divisor on Y . Given any birational morphism ϕ : T −→ Y with T normal, we have
where the ϕ −1 * ∆ is the strict transform of ∆ and the E i 's are the exceptional irreducible divisors associated to ϕ. Then we define the discrepancy of the couple discrep(Y, ∆) to be the infimum of the a(E, Y, ∆), taken for any birational morphism ϕ and any exceptional irreducible divisor. In [17] , Lee proved a beautiful condition for a variety to be Chow semistable in terms of the log canonical threshold of its Chow form. Theorem 3.6 (Lee). Let Y be an s-dimensional variety together with a non-degenerate degree k immersion in P n . Let Z(Y ) ⊂ G be the corresponding Chow variety in the Grassmanian G := Gr(n − s − 1, P n ). Suppose that the following inequality holds
Then Y ⊂ P n is Chow semistable (resp. Chow stable).
From this it is immediate to derive the following result, which is a strengthening of Proposition 3.5 for the cases k ≥ r.
Theorem 3.8. Let E be an unstable bundle. Let X be a relative hypersurface
for any fibre Σ of π.
Proof. For k ≥ r we just can use Lee's Theorem on any fibre. For k < r we have that inequality (3.9) trivially holds because the log canonical threshold is always smaller or equal than one.
Remark 3.10. There are (at least) two questions that naturally arise from the above result. First of all one would like to know what singularity result hold for the total space X. This question has an easy answer which we discuss in 3.3. Secondarily, observe that inequality (3.9) is meaningful for k ≥ r, and of course it becomes strong for k r. Thus it is natural to try and read it in the framework of the asymptotical behaviour of the linear systems |O P (k) ⊗ π * M −1 |. In 3.4 we begin the discussion of this aspect, and we will pursue this analysis through in the rest of the paper.
Log canonical threshold of X
From the condition on the log canonical threshold of the fibres of f we can derive a singularity result for X itself, as follows.
Theorem 3.11. Let E be an unstable bundle. Let X be a relative hypersurface X ∈ |O P (k) ⊗ π * M −1 |.
If y/k > µ then lct(P, X) < r/k. In particular, if k ≥ r, the couple (P, X) is not semi log canonical.
Proof. By a Bertini type result (see [14, Prop.7 .7]) we have that, as the fibres of π move in a free algebraic system, for a general fibre Σ we have discrep(Σ, X |Σ ) ≥ discrep(P, X).
Hence the set {t > 0|(P, tX) is l.c.} is contained in the set {t > 0|(Σ, t(X |Σ )) is l.c.}, and thus we deduce that the log canonical threshold of the couple (P, X) is smaller or equal to the one of (Σ, X |Σ ). If y/k > µ, by Theorem 3.2, we have lct(Σ, X |Σ ) < r/k, so we are done.
Remark 3.12. Using also the much more subtle Inversion of Adjunction Theorem (see e.g. [14, Sec.7] ) we can say that there is an open set U ⊆ B such that lct(π * (U), X ∩ π * (U)) is precisely equal to lct(Σ, X |Σ ).
Remark 3.13. Recall that the numerical class of the anticanonical divisor of P is −K P ≡ rH − (d + 2b − 2)Σ, where b is the genus of B (Remark 2.2) . Hence, in the case when E is an unstable bundle over a curve of genus b ≥ 2, we derive from the theorem above that any member of the anticanonical linear system has worse than canonical singularities. Of course in this case −K P is big but not even nef, so P is not even weak Fano. Deep theorems due to Shokurov and Kawamata assert that for any Fano variety in dimension ≤ 4 the general member of the anticanonical class has canonical singularities.
Remark 3.14. From Theorem 3.11, by using Odaka's result [23] , we have that if y/k > µ and k ≥ r, then X is asymptotically Chow unstable with respect to O X (1).
So, from the Chow instability of the fibres of f we derive a condition on the singularities of X which implies its asymptotic Chow instability. On the other hand we can have an unstable X whose fibres are stable. Indeed, in [25] some examples are constructed of relative hypersurfaces X ⊂ P B (E) which are smooth and asymptotically Chow unstable with O X (1) (twisted by some line bundle on the base). As these are smooth varieties, the general fibres are themselves smooth hypersurfaces and thus asymptotically Chow stable with respect to the restriction of the line bundle considered.
Remark 3.15. Theorem 3.11 applies to big linear systems giving a condition of singularity on all of their members. It is of course interesting to know if the general member is irreducible or not. In Section 4.3 (Proposition 4.15) we see that in most cases the answer is positive due to the codimension of the fixed locus. Let us now observe the following. Suppose that a hypersurface X in the linear system |O P (k) ⊗ π * M −1 | with y/k > µ is reducible, and let X = X 1 + X 2 , with
i |. Then k = k 1 + k 2 and y = y 1 + y 2 . If one of the X i s, say X 1 is vertical, i.e. k 1 = 0 and y i ≥ 0, then we can just remove it, and of course y 2 /k 2 = y/k 2 ≥ y/k > µ. If both k i 's are greater than 0, then at least one of them has to satisfy y i /k i > µ. So we can always find an irreducible hypersurface with y/k > µ. This behaviour can suggest the idea that there can be a fixed horizontal divisorial component of the stable base locus of the line bundle O P (k) ⊗ π * M −1 when y/k ∈ (µ, µ 1 ]. We see in 4.3 that this is not necessarily the case, but nevertheless we have a strong information on the asymptotical behaviour of the singular locus of the hypersurfaces in the linear system |O P (mk) ⊗ π * M −m |, as m grows.
Asymptotical behaviour
Corollary 3.16. Let E be an unstable bundle. Let k ≥ r and let M be a line bundle on B of degree y. Suppose that y/k ∈ (µ, µ 1 ]. Then there is a subvariety Z ⊂ P, such that π(Z) = B, with the property that any divisor Z m ∈ |O P (mk) ⊗ π * M −m | has multiplicity at least (km)/r in any point p ∈ Z:
Proof. One just need to recall that the log canonical threshold of a pair (Y, ∆) can be defined locally in a neighbour of a point p, and that
The following inequality holds (see for instance [20, Property 1.14]):
So from Theorem 3.11, and from Inversion of Adjunction we have that, for any
is dominant over B. Of course Z m is a closed subvariety of P, thus π(Z m ) = B. Now observe that this locus is contained in the fixed locus of any |O P (mk) ⊗ π * M −m | for any m, so it is contained in the stable fixed locus, and we can just drop the dependence from m. Remark 3.19. The conditions in Theorem 3.8 and Corollary 3.16 imply that kH − π * M is big but not nef for y/k ∈ (µ , µ 1 ]. Hence, applying Wilson's result, we are sure that the linear system |O P (mk) ⊗ π * M −m | has at least some points with multiplicity unbounded wit respect to m. In Corollary 3.16 we give two more information for the case y/k ∈ (µ, µ 1 ]: that there is an entire horizontal subvariety of unbounded points, and an explicit lower bound on their multiplicity. In the next section we see that in some cases we can extract similar, sometimes stronger, information from directly studying the geometry of the divisors in P.
4 Zariski decomposition, fixed locus and lct of divisors in P In this section we make a direct study of the fixed locus of the divisors on P.
The case rankE = 2
Let us treat the case of a vector bundle E of rank 2, which is not covered by the previous results. We will see that this simple case will turn out to be interesting. In this case, a relative hypersurface is just a (not necessarily reduced) multisection of the ruled surface P = P B (E). The map f : X −→ B is a finite map, not a fibration. However, a result analogous to Corollary 3.2 still holds, as we now see (Proposition 4.1). Along the way we will introduce some ideas which will be developed and used more systematically in 4.2.
Let E be an unstable bundle of degree d and rank 2. The Harder-Narashiman sequence has of course 3 pieces
and we have that
1 ) = 1, and the effective divisor in the linear system
, which is the minimal section of the ruled surface P (see e.g. [13, Chap.V, Sec.2]). We call this divisor N . Observe that any multiple of N is fixed, as for any m > 0 we have that
1 ) = 1. We can compute the Zariski decomposition of the effective divisor X as follows.
X is not a nef divisor), the negative part of its Zariski Q-decomposition is
where N = P(E/E 1 ).
Proof. The divisor N is effective, it has only one irreducible component and
Moreover, let P be the Q-divisor P := X − y−kµ 2 µ 1 −µ 2 N . The numerical class of P is
and
Thus the definition of the Zariski decomposition for surfaces is satisfied. We are ready to prove the following result.
Proposition 4.5. Let E be a µ-unstable rank 2 vector bundle over B and let X be a relative hypersurface Proof. By the decomposition proved in Lemma 4.1 we know that X has a fixed component of multiplicity
. Thus we see that any fibre X ∩ Σ contains the point Σ ∩ N with multiplicity at least
The case = 2
It is natural to try and extend the same reasoning as in 4.1 to higher rank cases. Let us start with the easiest possible extension: when the first sheaf in the Harder-Narashiman filtration of E has rank 1, and = 2.
Proposition 4.6. Let us suppose that rankE 1 = 1 and that = 2. Let X be a relative hypersurface in the linear system
N belongs to the schematic fixed locus of X.
In particular, if y/k ≥ µ (resp. y/k > µ) then
Proof. Let us first observe that N = P(E/E 1 ) is effective and fixed. Indeed, we have that
for any m ≥ 1, because the first piece of the Harder-Narashiman filtration of Sym m E is Sym m E 1 = E m 1 . In [22, Chap.IV] it is proved that the Q-divisor
N is the negative part of the σ-decomposition of X as a divisor. By the very definition of the σ-decomposition of X as a divisor [22, Chap.III, Def.1.12], we have that, under our divisibility assumption 1 , the number
N in its fixed locus. Hence also X |Σ contains the multiple component
N |Σ for any fibre Σ, and so
The last inequality is due to the fact that lct(N |Σ ) = 1 because N = P(E/E 1 ) is just a projective subbundle of P. Now, it is immediate to check that
Remark 4.7. Suppose that the positive part of the σ-decomposition of |O P (k)⊗π * M −1 | is base point free. Note that this is a divisor nef and not ample whose numerical class is
, for a general X ∈ |O P (k) ⊗ π * M −1 | we have that X has two components: the P r−2 projective bundle N with multiplicity y−µ 2 k µ 1 −µ 2 plus another smooth component, which we can also assume to meet transversally N . We thus have that, for a general X is not semiample. Let us consider any vector bundle E, with Harder-Narashiman sequence of arbitrary lenght over B such that E/E −1 is of rank 2 and does not satisfy Nakayama's condition. Consider a line bundle M over B such that:
With the next result we see that we can bypass the problem outlined in Remark 4.7 by taking m 0.
Theorem 4.8. Suppose that rankE 1 = 1 and that = 2. Then for m 0 if X is a general relative hypersurface in the linear system |O P (km)⊗π * M −m | (where deg M = y), with y/k > µ 2 . We have
In particular we have that lct(P, X) < r mk if and only if lct(Σ, X |Σ ) < r mk if and only if y k > µ.
Proof. The positive part of the σ-decomposition of |O P (km) ⊗ π * M −m | is a big and nef divisor, as observed in Remark 4.7, thus by Wilson's result its log canonical threshold is bounded from below by a non-zero constant. Hence, for m 0 and X general we have
Then notice that (see the proof of Theorem 3.11) lct(P, X) ≤ lct(Σ, X Σ ), for Σ general fibre. But Σ has N |Σ as a component of multiplicity
, and the proof is concluded.
Remark 4.9. Another way to phrase the above result is by saying that asymptotically the schematic fixed locus of the linear system |O P (km) ⊗ π * M −m | coincides with
Corollary 4.10. The inequality (3.9) of Theorem 3.8 is sharp. Using Nakayama's results in [22] , we can compute completely the schematic fixed locus of the divisors in P in case = 2, for any rank of E 1 .
Proposition 4.11. Let us suppose that rankE 1 > 1 and that = 2. Let X be a relative hypersurface in the linear system |O P (k) ⊗ π * M −1 | with y/k ≥ µ 2 . Suppose that (µ 1 − µ 2 ) divides (y − µ 2 k). The schematic fixed locus of |O P (km) ⊗ π * M −m | contains the codimension rankE 1 cycle
and asymptotically coincides with it. This implies in particular Theorem 3.8 with strict inequality.
Proof. Let P ρ −→ P be the blow up op P along P(E/E 1 ). Let X m ∈ |O P (k) ⊗ π * M −1 |. Nakayama [22, Chap.IV] proves that there is a σ-decomposition of ρ * (X m ) whose negative part is
where E is the exceptional divisor of ρ. Then we easily obtain the first statement, and the asymptotic one comes from the same reasoning as in Theorem 4.8.
As for the last statement, let Σ 1 = Σ be a general fibre of π, and let Σ j ⊂ Σ j−1 , j = 2, . . . , r − rankE 1 := α be a general hyperplane section (so Σ j ∼ = P r−j ). Iterating the argument of Theorem 3.11, by Bertini type theorems, we have that
In the assumptions of Proposition 4.11, we have that lct(Σ α , X |Σα ) contains a component of multiplicity m
, and so by the same remarks of Theorem 4.8 we conclude that
and of course µ = rankE 1 µ 1 + (r − rankE 1 )µ 2 ≥ µ 1 + (r − 1)µ 2 (indeed, strictly greater if and only if rankE 1 > 1).
The general case
We are now ready to carry on the computation of the schematic fixed loci of any big and not nef divisor in P when the Harder-Narashiman sequence of E is of arbitrary lenght. Let us start by introducing the setting needed. For details see [22, Chap. IV, from sec. 3.2]. First of all we define a new variety P(E 1 ⊂ . . . E ) ρ −→ P over P by successive blow ups ([22, IV Lemma 3.4]): start with P = P(E ), then blow it up along P(E /E −1 ) and call ρ −1 : P(E −1 ⊂ E ) −→ P(E ) the resulting space and map. Then we consider the strict transform (ρ −1 ) −1 * (P(E/E −2 )) and blow up P(E −1 ⊂ E ) along it forming ρ −2 : P(E −2 ⊂ E −1 ⊂ E ) −→ P(E −1 ⊂ E ), and so on. The last space we obtain is P(E 1 ⊂ . . . E ), and ρ is the composition ρ 1 • . . . • ρ −1 .
Define E i ⊂ P(E 1 ⊂ . . . E ) to be the (strict transform of) the exceptional divisor of ρ i , for i = 1, . . . , − 1.
Let now |O P (k) ⊗ π * M −1 | be a linear system on P, and define, as in the proof of Proposition 3.10 of [22, Chap IV],
Let j := max{i|α i > 0}.
Theorem 4.12. Let |O P (k) ⊗ π * M −1 | be a big and not nef linear system on P, and let j be as defined above. Suppose that (µ 1 − µ j+1 ) divides (y − µ j+1 k). The schematic fixed locus of |O P (k) ⊗ π * M −1 | contains the codimension rankE j cycle y − µ j+1 k µ 1 − µ j+1 P(E/E j ), and asymptotically coincides with it.
Proof. Let X be a divisor in |O P (k) ⊗ π * M −1 |. In [22, Lemma 3.11 (1) ] it is proved that to obtain a Zariski decomposition of X we have to pass to the space P(E 1 ⊂ . . . E ), and that the negative part of this decomposition is the Q-divisor N := −1 i=1 α i E i . Thus any divisor in |O P (k) ⊗ π * M −1 | contains the cycle α i P(E/E i ). Noting that α j ≥ α i and P(E/E j ) ⊆ P(E/E j ) if i ≤ j, we have that α j P(E/E j ) is contained in the fixed locus of |O P (k) ⊗ π * M −1 |.
As for the asymptotic statement, it follows from the fact that the positive part of this decomposition is nef, as in Theorem 4.8.
We thus have a result on the log canonical threshold, using the same reasoning as in Proposition 4.11. Corollary 4.13. In the above situation, we have that, for any X ∈ |O P (k) ⊗ π * M −1 |, lct(P, X) ≤ µ 1 − µ j+1 y − kµ j+1 .
Remark 4.14. It is important to notice that the above result does not imply Theorem 3.2, nor it is implied from it. Indeed, the bound obtained above,
, is less or equal to r/k if and only if y/k ≥ µ 1 + (r − 1)µ j+1 .
This last quantity can be smaller or greater than µ, depending on the reciprocal position of µ and the µ i 's, which can be almost arbitrary.
Just by using the information on the codimension of the fixed locus, we can now see that in most cases the general member of the linear systems we are considering are irreducible. This can be seen as a Miyaoka-Nakayma type result. Proposition 4.15. For y/k big enough, the general member of |O P (k) ⊗ π * M −1 | is irreducible if one of these conditions hold:
(1) rankE 2 ≥ 3, and y/k < µ 2 ; (2) rankE 2 = 2, and y/k < µ 3 ;
Proof. This result follows from Bertini's Theorem, by observing that in both the cases above, the codimension of the fixed locus of |O P (k) ⊗ π * M −1 | is greater or equal to 3.
Using the above observations, we can compute explicitly the Movable cone of P(E), thus reproving a particular case of a result due to Fulger and Lehman [11, Proposition 7.1] . Recall that the Movable cone is the closure of the cone generated by classes of divisors whose base locus has codimension at least 2. Proof. Straightforward from Theorem 4.12.
